Modified Special Relativity on a fluctuating spacetime 
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It was recently proposed that deformations of the relativistic symmetry, as those considered in 
Deformed Special Relativity (DSR), can be seen as the outcome of a measurement theory in the 
presence of non- negligible (albeit small) quantum gravitational fluctuations 0, Q. In this paper 
we explicitly consider the case of a spacetime described by a flat metric endowed with stochastic 
fluctuations and, for a free particle, we show that DSR-like nonlinear relations between the spaces 
of the measured and classical momenta, can result from the average of the stochastic fluctuations 
over a scale set be the de Broglie wavelength of the particle. As illustrative examples we consider 
explicitly the averaging procedure for some simple stochastic processes and discuss the physical 
implications of our results. 
PACS: 03.30.+p, 04.60.-m 
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I. INTRODUCTION 

The existence of a length (or energy) scale at which the 
effects of quantum gravity (QG) can not be neglected, 
and the fact that this scale should be the same for all the 
inertial observers, have recently led to the proposal of a 
Deformed (or Doubly) theory of Special Relativity (DSR) 
lEBil^- I n momentum space a simple way to character- 
ize DSR theories is that they corresponds to deformations 
of the Poincare algebra in the boost sector. Indeed such 
deformed boost algebra amounts to the assertion that 
physical energy and momentum of DSR can be always 
expressed as nonlinear functions of a fictitious pseudo- 
momentum 7r, whose components transform linearly un- 
der the action of the Lorentz group |4|, ||| . More precisely 
one can assume the existence of an invertible map T be- 
tween two momentum spaces: the classical space V, with 
coordinates ir^, where the Lorentz group acts linearly 
and the physical space P, with coordinates p M , where the 
Lorentz group acts as the image of its action on V . Also, 
T must be such that T : [ttq , n] — > k for all elements on V 
with 1 7? | = oo and/or 7To = oo where n is some quantum 
gravity scale . Most commonly such a scale is taken to 
be the Planck energy, k ~ M P w 1.22 x 10 19 GeV. 

While the precise formulation in the momentum space 
for the one particle case seems very well understood 
0,0,07 there are still pressing open problems that makes 
unclear the precise role of DSR in QG 8J. In particular 



it is so far unknown the realization of DSR in coordi- 
nate space, (although great efforts has been devoted to 
find a theory mirroring what happen in the momentum 
space 1^, |9j) and even the theory in momentum space 
faces severe challenges as the problem of saturation (the 
fact that DSR apparently does not allow for objects with 
energies grater than the invariant scale, the Planck mo- 
mentum) and the multiplicity problem (the fact that in 
principle there is an infinite number of deformations of 
relativistic symmetry). 

These problems appear to be related to the interpreta- 
tion of the non-linear relation between the classical and 
physical momenta 2 and have recently motivated the de- 
velopment of approaches to DSR within which the latter 
is seen no more as a new fundamental extension of spe- 
cial relativity but instead as an effective modification of 
it due to the non complete negligibility of quantum grav- 
itational effects as the energy scales involved approach 
the quantum gravity one. For example one of the most 
pursued interpretations of DSR actually resort to a more 
fundamental five-dimensional momentum space in order 
to make sense of the four dimensional non-linear disper- 
sion relations that characterize DSR [Io| . 

Along this line of though, it was recently proposed 
that DSR could be interpreted as an effective theory of 
measurement for high energy particle properties. Accord- 
ing to this framework, the relation between "true" en- 
ergy and momentum of a particle (the classical variables 



1 Note that this requirement imposed on the theory is equivalent 
to say that such a scale should be the same for all the inertial 
observers. 



2 An interpretation that indeed should actually justify why the 
physically relevant variables p are indeed the DSR ones, and not 
the much more familiar, classical momenta n. 
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7r of DSR) and observed quantities (the physical variables 
p of DSR) acquires, at sufficiently high energies, Planck 
suppressed distortions induced by quantum gravity (QG) 
effects. These relations can be identified with DSR-type 
deformations. In 0] we argued that this non linear nature 
arises as a result of the unavoidable averaging over QG 
fluctuations of the metric around flat spacetime which is 
required in order to properly define energy and momen- 
tum in first place. In this note we go a step further and 
propose an explicit toy model of how this class of non 
linear functions might appear. 

Our model is based on three points 

• we take into account quantum gravity fluctuations 
at the Planck scale by adding a stochastic term to 
the classical 1-form tetrad field (associated to the 
spacetime metric in the system of reference in which 
the measurement is performed 0, 0] ) ■ 

• we define an average over the spacetime fluctua- 
tions performed by the particle as it propagates as 
the result of its (quantum mechanical) finite size, 

• we make an assumption about the specific form of 
the correlation of these stochastic process. 

The first point is, we believe, a quite reasonable one, 
and it is introduced in order to model the spacetime fluc- 
tuations at the Planck scale. Although some arbitrariness 
is present in the assumption of the kind of modification of 
the tetrad, our result will be quite generic and one might 
hope that the precise form of such a modification will be 
in the end fixed by some quantum gravity theory. The 
second assumption is at the heart of our model and it as- 
serts that what the particle really does as it propagates is 
to average over the fluctuations, defined with respect to 
the system of reference in which the particle is observed, 
and such averaging is just determined by the particle 
characteristic "resolution" scale which we assume to be 
related to its de Broglie wavelength. The third point is, 
at least partly, a consequence of the first one, as we will 
see, but clearly is also due to our ignorance on the details 
of quantum gravity. In other words, we have to choose 
some specific stochastic process. 

This toy model is clearly a poor substitute for a full QG 
theory, but it will allow us to elaborate on the possible 
outcomes of the procedure and have an explicit example 
of how things might work. In the next section we will 
introduce the fluctuations in a very general ground. In 
section III we will provide examples of fluctuations and 
its relations with DSR. The final section is devoted to 
discussion, some speculative issues and conclusions. 



Let us consider four dimensional spacetimes with topol- 
ogy K (8> M.3, where M3 are space- like three manifolds 
parametrized by a real number t, which we will call time. 
The usual ADM decomposition ^1 °f the four dimen- 
sional metric (with v\ 6 {0, 1, 3}) reads 

\ iv n ymn J 

where g mn is the metric of M3 and N l Ni = NiN m g lm 
(with g mn being the inverse of g and the latin in- 
dexes {m, n, . . . } € {1, 2, 3} being indexes of coordinates 
adapted to M3). The lapse (N) and shift (N m ) functions 
characterize the embedding of M3 in the four dimensional 
spacetime. 

In the Hamiltonian formulation of gravity, the metric 
g, as well as its conjugate momenta, are determined by 
the equations of motion, while the lapse and shifts re- 
main arbitrary (Lagrange multipliers). An alternative 
formulation of gravity — which is the starting point 
for Loop Quantum Gravity — can be given in terms 
of the one-forms e A — e A ^ dx^ , where the indexes 
{A, B, . . .} G {0, 1, 2, 3} are local Lorentz indexes, that 
is, the tetrads are defined up a local Lorentz transfor- 
mation A A b'- e' A — A A b e B and characterize a given 
system of reference. 

The matrix element e A M , for the previously mentioned 
ADM decomposition is 

where {I, J...} 6 {1,2,3} and the following rela- 
tions hold: e° = N, N m = e 1 m e J oVu, 9mn = 
e 1 m e J n Vu- Here 7y/j=diag(l, 1, 1). Note also that the 
requirement e°i = is equivalent to say that the "time" 
coordinate in spacetime coincides with the time coordi- 
nate in the tangent manifold. Finally e M a are the ma- 
trix elements of the inverse of (J2J), that is, the solution 
of e A ae^B = S A b ■ Within the framework proposed 
m 0) t ne observed momenta will then be identified as 
PA = 7r /i(e' 1 a) where the (...) implies the averaging over 
the QG fluctuations. 

In the example we study here, we will assume that 
spacetime has an underlying structure due to quantum 
effects. A "free" particle that moves in such a spacetime 
probes this structure (e.g. moves along slightly deformed 
geodesies) with a resolution that can be assumed to be 
related (and approximately equal) to the de Broglie wave 
length of the particle, since this is the best accouracy 
with which the latter can be localized 3 . In this sense the 



II. FLUCTUATIONS AND DSR 



Our underlying assumption is that the spacetime, 
when probed at scales of the order of the Planck one, 
reveals its quantum nature which can be modeled by 
a classical metric with an extra fluctuating part [ll|. 



It is possible, however, to conceive different choices of the resolu- 
tion with which the particle "probes" spacetime which are corre- 
sponding to decreased accouracy. For example one can imagine 
that the spacetime structure is probed by the particle via gravi- 
tational interaction, in this case the natural scale come up to be 
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particle in its motion averages the fluctuations over this 
length scale. In agreement with the approach of 0,0 the 
outcome of such averaging has to be calculated from the 
form of such fluctuations in the reference frame in which 
the particle energy and momentum are measured 4 . 

In modeling the above framework we shall have to 
make assumptions about the form of the quantum fluctu- 
ations. In this sense we shall here assume that the met- 
ric can be described as the sum of a classical term plus 
a stochastic one whose role is to model our ignorance 
of the details of the underlying quantum gravity theory. 
Within our ADM approach the above ansatz implies that 
the tetrad field will be determined up to a function which 
is a stochastic function of time: (indexes are not im- 
portant at this point). Since it is a stochastic function 
there is a probability distribution P[£] associated to each 
one of these processes. 

Form the operational point of view, this stochastic 
term can be understood as follow. Let assume that an 
observer is able to determine the tetrad at some instant 
t\. If the same experiment is performed at ti > ti, then 
there are no ways to predict the value of £(£2) from our 
knowledge of £(ii). The only information available are 
the correlation of such values. Moreover if we could have 
a large number of copies of the same experiment (i.e. an 
ensemble), then all the so obtained tetrads would differ 
by a term which distributes according to P[£\- 

Since we are interested in deformations of special rel- 
ativity we restrict to the case of flat classical space-like 
hypersurfaces, i.e. in the absence of the above mentioned 
stochastic processes we recover classical fiat spacetime. 
In this sense it is then reasonable to cast the matrix ele- 



ments e A p in the form 



i + e°o(t) 





+ £ L m(t) 



(3) 



where £ n(t) are time dependent stochastic processes. 
In what follows we will assume that such stochastic 
processes have a Gaussian joint probability distribution 
P[£ A niA with zero mean value. Of course there is a 
priori no physical reason, apart from simplicity and com- 
putability, for the choice of Gaussian fluctuations. 

In order to preserve rotation invariance, we choose 
£, L m = 5 L m?l(t), with ry(t) is some stochastic function. 
Then the matrix elements of the tetrad with stochastic 
components reads 



! + £(*) 
£ L o(i) 1[1 + ??(*)] 



(4) 



the curvature radius associated with the particle Mp /£' 2 which 
corresponds to a loss of accuracy of order Mp / £ with respect to 
the de Broglie wavelength. This seems to be the preferred case in 
some al tern ative derivations of the modified dispersion relations 
of DSR HI . 

4 A frame dependence would seem to appear in this statement. 
This will be further discussed later. 



where 1 =diag(l,l,l)and£(t) = £° (t). Eq. Q can now 
be interpreted as the standard tetrad for flat spacetime 
plus time dependent corrections. 

We now need to introduce in our model the finite reso- 
lution scale of the elementary particle probing the space- 
time. The natural way to incorporate this information 
is to sum up all possible values of the tetrad within this 
resolution scale. Generically, if y(t) is some quantity such 
that we do not have information below certain scale A, 
then we define its mean value as its average on this res- 
olution scale 



I /-to+A 

Z/(A) = £ jf y(t)dt. 



(5) 



We define, therefore, the mean tetrad e A ^(A) as the 
time average of the matrix elements of the tetrad in 
a given resolution interval A 



■ (A) 



1 + £(A) 







^o(A) 1[1 + ?? (A)] 



(6) 



where all quantities £(A), £ L o(A) and 77(A) are defined 
by ©. 

The tetrad, therefore, has been averaged in order to 
take into account the finite resolution, but not over the 
values that the random variables can take — actually 
(— 00, 00) for every fixed value of t — hence the inverse 
tetrad in principle could not be defined. For instance, 
the probability for 77 to be on an interval containing the 
value —1 is not zero — although it can be made as small 
as desired e.g. in the Gaussian approximation above — 
and therefore, the probability for the spatial part of the 
tetrad of being zero is finite which implies that the inverse 
of the tetrad is ill defined. 

In order to circumvent this problem, we define an "ef- 
fective tetrad" as a tetrad that is compatible with the 
metric obtained after the ensemble average is performed. 
In fact, since in general (f{x)g{y)) ^ {f{x))(g(y)} for 
a given probability distribution P[x,y], it is clear that 
the effective tetrad will not be the same as the tetrad 
obtained just taking the ensemble average on 10. 

The origin of this problem, from a strictly statistical 
point of view, resides on the fact that we have chosen 
fluctuations that can have any value, even large, although 
with a small probability. This can be formally thought 
to mimic the contribution of topology changing metrics 
to the Path Integral of QG. The choice of using an ef- 
fective tetrad corresponds in a sense to keeping, of these 
contributions, only the (relatively) large distance effects. 

Therefore, consider the metric (G^(A)) obtained 
from the ensemble average (denoted here by (•)) of 
the quadratic form constructed with the mean tetrad 
© . The effective tetrad matrix element e A ^ is defined 
through the relation 



(G M „(A)> = (e A ,(A) e B ,(A)) n AB , 



(7) 



4 



In order to evaluate this quantities explicitly, let us 
assume that the stochastic variables £ L o(t), f](t) and £ (t) 
are not correlated. That means that mixed terms like 
(77(A) £(A)) or (f(A) C L o(A)) can not appear in the 
final expression; also, since we have chosen all processes 
of Gaussian type with mean value zero, linear terms can 
not appear neither. A direct calculation shows that the 
effective metric turn out to be 



the measured energy E and momentum p for a particle 
are given by 



E = 



1 + (e - e • Oc 



(12) 



(GW(A)> = 
'(f(A).£(A)-[l + £(A)] 2 ) o 

<[1 + '7(A)] 2 >4, 







-1 + (£(A)-£(A)-£ 2 (A)> 






[1 + ( V HA))]6 K 



(8) 



It is clear that modifications to the metric come from 
the correlations of the stochastic functions which have 
the general shape 



<a(A)/?(A)> 



1 

A 2 " 



to+A 



(a(s)f3(s'))dsds', (9) 



for a, f3 two generic stochastic process. To avoid a de- 
pendence on to we demand translational invariance on 
the correlators. 

Notice, moreover, that the effective metric, after av- 
erages, depends on the resolution scale of the particle, 
much like the rainbow gravity models [l^ . This depen- 
dence appears only through the correlation functions of 
the stochastic processes. 

From the effective metric it is possible to read the ef- 
fective tetrad and also its inverse. It is not hard to see 
that they are given by 







6 ijy /l + (if) c 



1 



(10) 



1 + (e - e • Oc 

St 



(ii) 



where we have defined for every stochastic process the 
correlator as (0 



«*>« - i 



t +A 



(mt(s'))dsds'. 



v/i + (V 2 )c 



t( 1- 2^> c + 



(13) 



The first line of both equations is, within our assump- 
tions, in principle valid to all orders in the correlators. 
In passing from the first to the second line of both equa- 
tions we have restricted the corrective terms to satisfy 

(v 2 )c -C 1, (£ 2 — £ • £) c ^ 1' an( l It i s usem l 1° remind 
here that the stochastic variables rj and £ contain the res- 
olution scale. Lacking a quantum mechanics of particles 
in a QG background, it is possible that the identification 
of the resolution scale with the wavelength of the parti- 
cle, namely its inverse energy, can only be made at first 
order 5 . 

Now let us compare with DSR cases. DSR1 is char- 
acterized by the nonlinear relation (at first order in the 
invariant energy-momentum scale k) 



E = £1^1- 

P = 7T 1 1 — 



£_ 

2k 
£ 

K 



(14) 
(15) 



where we have discarded the contribution proportional 
to m/ ' k in the first equation. 

DSR 2, instead, is characterized by the nonlinear rela- 
tions (also at first order in k) 



E = £ I 1 - - 



P = T 1 

K 



(16) 
(17) 



Comparing expressions (|12fl and i|13fl with the corre- 
sponding ones coming from DSRs, we see that appro- 
priate assumptions about the shape of the correlators, 
together with the identification of the resolution scale 
with the inverse classical energy or momentum (or more 
in general with a function of them and the Planck scale) , 
allows to obtain them from this stochastic model. 



To make contact with DSR interpretation of con- 
sider the measured momentum of the particle -P4. In our 
model, it is given by the average on the previously de- 
fined stochastic processes, that is by w^e^ a- Therefore, 



5 It is however tempting to take Eq. 1121 . 1131 literally to all or- 
ders, A oc l/£ strictly and ask what are the conditions to obtain 
the known DSR theories. For instance DSR2 would require the 
correlators to be equal and diverging as £ 2 /k 2 as £ goes to in- 
finity. 
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Now that we have established the connection between 
our stochastic model and DSR1 and DSR2, we can turn 
to the problem of which kind of fluctuations gives rise to 
specific DSRs. In particular, we need to know how the 
invariant scale emerges. We shall now deal with these 
issues by discussing explicitly some examples. 



III. EXAMPLES OF STOCHASTIC PROCESS 

Since we have introduced stochastic processes at the 
level of tetrads, modifications to the metric come only 
from auto correlation functions which are also responsi- 
ble of the specific non linear functions appearing in 1|12|) 
and In other words, to make contact with DSR we 

only need to specify the value of the correlation, which, 
generically, is not enough to completely determine the 
stochastic process. 



A. Ornstein— Uhlenbeck process 

As a starting point, let us consider the Ornstein- 
Uhlenbeck process, cr(t). This is the only Gaussian, 
stationary and Markovian process and has a correlation 
function of the form 0] 



»'\ 



(18) 



where D and fc are dimensional constant. It is clear 
that fc -1 has dimensions of time, i.e. the correlation time 
while D has dimensions of inverse time and is the difus- 
sion coefficient (the stochastic process er(i) is dimension- 
less). Given that such stochastic process is introduced as 
a model of quantum gravity fluctuations at the Planck 
scale we expect that for both D and fc the "natural" 
value is of the order of the quantum gravity scale k. 

With this correlator and the relation , it is not hard 
to see that 



D 
~k 



1) 



1 



k 2 A 2 



D 1 
"fc fcA' 



(19) 



In our model, we have five stochastic processes, namely 
£,rj,£, L , each one characterized by two parameters - 

fc^, D n , fc,j, D^l , k^L o — and only one scale of reso- 
lution A. Fixing these scales, we can make contact with 
different DSR proposals. In this example we will con- 
sider, however, that the correlation time is equal for all 
processes fc^ = k v = fc^i Q = fc. 

Since the resolution scale is the one at which spacetime 
is probed — equivalently, it is the scale at which the 
particle averages the gravitational fluctuations — this 
scale must be greater than the correlation time in order 
to give sense to a time average as (©■ We then assume 
A>d _1 and therefore neglect the contribution coming 
from the exponential in l|19l) . In this limit we have 



D 



(A ~ t rr 



l 



i 



fc VfcA k 2 A* 



for fcA > 1. (20) 



Then, the non linear relations (|12|) and l|13fl turn out to 
be 



e ~ e i 



v 1 
2P A 



(21) 
(22) 



where V = — J2l ^(, l an( ^ ^i L 1S the sum °f 
the diffusion coefficient corresponding to £ L . 

From these expressions we see that, for DSR1, the 
choice V/k 2 = 1/k and D v = 2D, is mandatory, while 
T>/k 2 = 1/k and D n = T> reproduce DSR2 expressions. 
Note that the above requirements are fully consistent 
with our expectation that both D and fc are constants 
of order k. In both cases we are assuming that the scale 
of resolution A is of the order of the inverse of the true 
energy of the particle, that is A" 1 ~ £. As commented 
above this choice of the scale of resolution appears to 
introduce a frame dependence. Clearly only a full treat- 
ment of QG can tell whether this is the case or not. What 
can be said here is that, if the correlators above are the 
same in all reference frames, no frame dependence will be 
introduced. Notice also that this is fully consistent with 
the identifications above with the invariant scale. 

As we said, in order to give sense to the average, we 
have to consider that the time during which the particle 
probes the spacetime is large compared with the corre- 
lation time. Still, it is interesting to consider the limit 
case when A is of the order of fc -1 . The effective corre- 
lator is of order V/k when fcA tends to 1. This means 
that the corrective term to the effective tetrad (metric) 
is of the same order of the flat one. Therefore the QG 
effects mimicked by the stochastic terms we introduced 
make spacetime totally undetermined. In this sense fc -1 
assumes the meaning of a minimal length. 

B. White noise 

Another interesting (albeit unphysical) example of 
fluctuation is the white noise. This can be obtained from 
the previous case by asking that in the limit fc — » 
V/k 2 = 7, with 7 a finite constant with dimensions of 
a time. In this case the correlators turn out to be Dirac 
delta functions 



((j(s)a(s')) = 7 5(s-s'). 



(23) 



All integrals are trivial and it is straightforward to 
check that the non linear functions for measured energy 
and momentum are given by 



E 



P 



£ l 



7T 1 



1 

2A 
Jv_ 
2A 



(7? - Is) 



(24) 
(25) 



with 7 S = X)l7c l ' Again, a formal identification 7^ 
7 S = k^ 1 and 2(7^ - 7 a ) = 7^ gives DSR1 and 75 - 7 S 
2k" 1 with (7^ — 7s) = 7^ correspond to DSR2 case. 
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All our previous arguments are applicable here, and 
the identification of 7 as the invariant scale has the same 
physical origin as in the previous case. 

In synthesis, the examples considered here give rise, 
at first order, to DSR type non linear relations between 
the measured energy momentum and the classical energy 
momentum of the particle. 

IV. CONCLUSIONS 

In this note we discussed a specific, although 
schematic, realization of the ideas expressed in 0, Q, 
namely that the emergence of modifications to Special 
Relativity is related to the measurement and in partic- 
ular to the average that any particles operates on the 
Quantum Gravitational fluctuations of spacetime. 

In our model, a stochastic term is added to the tetrad 
of a flat space time and two averages are defined. One 
is the usual statistical average, defined through the dis- 
tribution function of the stochastic processes. The other 
takes into account the finite resolution that a particle 
propagating on this spacetime can probe. 

These modifications give rise to an effective metric, 
once all averages are performed, with terms that depend 
on the resolution scale of the particle, much like the rain- 
bow gravity models This dependence appears only 
through the correlation functions of the stochastic pro- 
cesses, since we assumed that the dynamical variables are 
the tetrads rather then the metric. A first comment is 
interesting here, namely that the particle propagates on 
a fiat background only if the correlators, which contain 
the resolution scale, identically vanish. This gives a con- 
dition on our (simplified) model for the exact validity of 
Special Relativity. 

The effective metrics allows to define the corresponding 
tetrad and then, non linear relations between measured 
momenta and classical variables easily follow. Up to this 
point our approach has been completely general, mod- 

° However once this assumption is made, it is no longer possible 
to distinguish DSR from LIV. 



ulo the simplifying assumption of Gaussian behaviour of 
the stochastic process. In particular, the condition for a 
frame independent situation a la DSR, contrasted with 
straight violation of LI, corresponds to the frame inde- 
pendence of the correlators. It is at the level of the corre- 
lators that a new scale, which we assume to be connected 
to the Planck one, emerges. 

In order to make contact with DSR (or LIV) we need 
to specify the resolution scale A. In standard Quantum 
Mechanics (QM) it would be proportional to l/£. But 
it is conceivable that QM will be modified well before 
reaching the QG scale, where the geometry itself may 
loose meaning. So, once A ~ l/£ is assumed, we trust 
the validity of our relations only to first order in the 
fluctuation parameters 6 , and given a particular set of 
stochastic processes, we find that it is possible to mimic 
DSR-type relations (or better their first order limit). 

After the parameters of the correlators are fixed in or- 
der to obtain the desired DSR-like behaviour, the form 
of the effective metric is fixed. For instance, it is im- 
mediate to check that in the DSR2 it is diagonal, giving 
as expected a light-like behaviour for massless particles. 
The previous results depend on the identification of the 
(would be) invariant scale with a specific combination of 
the diffusion coefficient and the correlation time. 

We have presented here a concrete example of how the 
average on fluctuations of spacetime could give rise to 
DSR-like dispersion relations, although we cannot state 
what is the "right" DSR (if there is one) from the cases 
studied here. Our examples should be taken as an argu- 
ment in favor of the idea that DSR might appear as an 
effective feature of quantum gravity effects. 
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